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1. Introduction
In the low-energy region it is not possible to calculate cross sections by means of pertur-
bative QCD because of the high value of the strong coupling constant. One has to use
an effective theory. The corresponding theory in this context is called chiral perturbation
theory (CHPT) [1, 2, 3, 4]. It incorporates all symmetries of QCD with the assumption of
spontaneous breakdown of chiral symmetry (which is suggested by phenomenological and
theoretical evidence [5]), but no other model dependent features. CHPT is nonperturbative
in the sense that it is not an expansion in powers of the QCD coupling constant, but an
expansion in powers of the external momenta.
For a theory with a spontaneously broken symmetry the Goldstone theorem [6] predicts
the existence of massless particles, called Goldstone bosons. In case of CHPT these bosons
are not massless because the chiral symmetry is not an exact symmetry, as the quarks
have masses. The pions are the by far lightest pseudoscalar mesons and therefore they are
identified as the Goldstone bosons of broken chiral SU(2). In CHPT the asymptotic states
are not quarks, but pions (or in general pseudoscalar mesons). A spontaneously broken
symmetry corresponds to a nonlinear realization a la Nambu-Goldstone [7].
In the calculation of amplitudes one has to include loops to increase the precision
and to satisfy unitarity and analyticity [1]. CHPT is not renormalizable in the sense that
each loop in the perturbation expansion produces ultraviolet divergences, which have to
be renormalized with the help of counterterms of the appropriate order in the external
momenta. The finite parts of the coupling constants occurring in the counterterms are
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not determined by chiral symmetry and must be obtained from experiment or calculated
using resonance exchange or other assumptions. Each successive loop and the associated
counterterms correspond to successively higher powers of momenta. The higher loops are
expected to give only small corrections at appropriately low energies.
Gasser and Leutwyler have calculated the generating one-loop functional of chiral
SU(2) including two propagators in the loop [2]. With this functional one can obtain all
amplitudes with at most four external particles, where an external photon counts as two
particles. In this article the functional is extended by including a third propagator. This
extension makes it easy to analyse processes with up to six external particles. In the whole
work equal masses for the two lightest quarks are assumed.
The main purpose of calculations in the framework of pure CHPT is to analyse physics
and to investigate QCD in a region (E << 1 GeV) where a perturbative treatment is
not possible. CHPT was used successfully to study the low-energy structure of, e.g., ππ
scattering [8] or of the pion form factor [9]. There are also important processes with more
external particles. One example for an interesting process with six external particles is the
scattering e+e− → 4π, which is analysed in Sec. 5. It is an important cross section for
determining the hadronic contribution to the anomalous magnetic moment of the muon
and to the fine-structure constant at MZ .
In Sec. 2 a calculation method with external fields [2] is introduced. The generating
functional is given in Sec. 3. The amplitudes of the two channels of γγ → ππ [10, 11, 12]
are presented in Sec. 4. In Sec. 5 the amplitudes and cross sections of the processes
e+e− → π0π0π+π− and e+e− → 2π+2π− are provided. Sec. 6 contains some conclusions.
2. Matrix elements
The Lagrangian of massless QCD does not include any terms which connect the right- and
left-handed components of the quark fields
qR =
1
2
(1 + γ5)q , qL =
1
2
(1− γ5)q . (2.1)
Thus, the Lagrangian is invariant under chiral rotations, i.e. under two independent U(Nf )
transformations (flavour rotations) of the right- and left-handed quark fields1. In case of
two flavours the Noether currents associated with chiral symmetry are given by :
Jµ0I = qIγ
µqI , J
µa
I = qIγ
µ τa
2
qI , I = L,R . (2.2)
The axial and vector currents are defined through the following relations:
V µa = JµaR + J
µa
L vector current , (2.3)
Aµa = JµaR − JµaL axial current . (2.4)
1The flavour symmetry of massless QCD should not be mixed up with the still existing colour gauge
symmetry.
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Because of Lorentz invariance and isospin symmetry there is the following relation:
< 0|Aλa(x)|πb(p) >= i pλδabF e−i p·x . (2.5)
Since chiral symmetry is spontaneously broken the Goldstone theorem insures that the
constant F , which is related to the physical pion decay constant Fπ =92.4 MeV through
Fπ = F (1 +O(mquark)) , (2.6)
is not zero. As a consequence the axial current, or the divergence of the axial current,
plays the role of an interpolating field for the pion.
An external photon couples to the vector current. For example, the matrix element
of the scattering γ∗ → 4π is proportional to the on-shell residue of the corresponding
singularity in the Green function
<0|TV µn (x1)Aνo(x2)Aλp(x3)Aρq(x4)Aσr (x5)|0> . (2.7)
To get such matrix elements one can use the method of external fields [2], which is equivalent
to the method of external currents introduced by Schwinger [13]. Extra terms are added
to the QCD Lagrangian:
LQCD = q iγµ∇µq − 1
2
trcFµνF
µν + Vµnv
µ
n +Aµna
µ
n − Snsn + Pnpn . (2.8)
∇µ is the SU(3)C -covariant derivative. The external fields vµ, aµ, and p are set to zero at
the end of the calculation. The scalar field s is set equal to the quark mass matrix to give
masses to the light quarks, which amounts to explicit symmetry breaking. Sn and Pn are
the scalar and pseudoscalar currents:
S0 = q¯q ,
Si = q¯τiq for i = 1, 2, 3 ,
P0 = i q¯γ5q ,
Pi = i q¯γ5τiq for i = 1, 2, 3 . (2.9)
By adding those terms in Eq. (2.8), the global chiral symmetry of the Lagrangian is
promoted to a local symmetry with the appropriate gauge transformation [2]. The external
field method allows the calculation of Green functions like (2.7) in an easy way. The
generating functional of the Green functions is of the form:
W [v, a, s, p]
.
=<0|Tei
∫
d4x Vµn(x)v
µ
n(x)+Aµn(x)a
µ
n(x)−Sn(x)sn(x)+Pn(x)pn(x)|0> . (2.10)
One gets the Green functions by functional differentiation with respect to external fields,
for example:
δ3 iW [v, a, s, p]
i3δaλp(x1)δa
ρ
q(x2)δv
µ
r (x3)
∣∣∣∣∣ v=0,a=0
s=M,p=0
=<0|TAλp(x1)Aρq(x2)Vµr(x3)|0> . (2.11)
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The external fields can be interpreted as fields of external particles:
vµ + aµ = −eQAµ , (2.12)
vµ − aµ = −eQAµ − e√
2 sin θW
(W µ
+
T+ + h.c.) . (2.13)
Aµ is the photon field, W µ+ the W-boson field, Q the charge matrix and T+ contains the
relevant elements of the Kobayashi-Maskawa matrix.
Because of the large value of the strong coupling constant in the low-energy region it
is not possible to calculate the generating functional by means of perturbative QCD. So
one has to use an effective Lagrangian that includes all possible terms built out of the ma-
trix U(φ) (which contains the pion fields) and the external fields that respect all existing
symmetries, namely chiral symmetry, Lorentz invariance, charge conjugation and parity.
The corresponding Lagrangians given by Gasser and Leutwyler [2, 3] are the foundation of
CHPT. In case of SU(2) and up to order p4 (p stands for the external momenta) one has:
L2 = F
2
4
〈DµU †DµU + χ†U + χU †〉 , (2.14)
L4 = 1
4
l1 〈DµU †DµU〉2 + 1
4
l2 〈DµU †DνU〉〈DµU †DνU〉+
+
1
16
l3 〈χ†U + χU †〉2 + 1
4
l4 〈DµU †Dµχ+DµUDµχ†〉+
+l5 〈U †FRµνUFLµν〉+
i
4
l6 〈FRµν [DµU,DνU †] + FLµν [DµU †,DνU ]〉+
− 1
16
l7 〈χ†U − χU †〉2 + 1
4
h1 〈χχ† + 1
2
(χχ˜− χ†χ˜†)〉+
−(2h2 + l5
2
) 〈FRµνFµνR + FLµνFµνL〉+
1
4
h3 〈χχ† − 1
2
(χχ˜− χ†χ˜†)〉 . (2.15)
There are different possible parametrizations of U(φ), which all lead to the same on-shell
amplitudes. A convenient choice is the exponential parametrization
U(φ) = exp ( iφ/F ) , φ = τaφa =
(
π0
√
2π+√
2π− −π0
)
. (2.16)
The use of the covariant derivative
DµU = ∂µU − i rµ U + iU lµ , rµ = vµ + aµ , lµ = vµ − aµ (2.17)
is a consequence of adding the extra terms in Eq. (2.8). The effective Lagrangians (2.14,
2.15) have the same local chiral symmetry as the extended QCD Lagrangian in (2.8). χ
and χ˜ are defined as follows:
χ = 2B(s+ i p) , (2.18)
χ˜ = τ2 χ
T τ2 . (2.19)
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F , B and the li are coupling constants. The Gell-Mann-Oakes-Renner relation, which can
also be derived by CHPT, yields:
F 2M2 = −2mˆ〈0|u¯u|0〉 , where mˆ = (mu +md)/2 . (2.20)
At a scale µMS = 1 GeV , 〈0|u¯u|0〉 is approximately equal to -(230 MeV)3. Thus, mˆ is
assumed to be of order M2:
O(mˆ) = O(M2) = O(p2) . (2.21)
3. Calculation of the generating functional
CHPT can be defined via the path integral
W [v, a, s, p]
.
= N−1
∫
dµ[U ] ei
∫
ddxLeff (v,a,s,p) . (3.1)
The calculation is done in d dimensions so that dimensional regularisation can be used.
It can be shown that the loop expansion is an expansion in Planck’s constant or in
other words an expansion around the solution of the classical equation of motion U¯ = u¯2.
The matrix U is expanded with the help of a traceless Hermitian matrix ξ:
U = u2 = u¯ eiξ u¯ . (3.2)
To the desired O(p4), the loop integration must only be performed over the Lagrangian of
O(p2).
W = N−1ei
∫
ddxL4(U¯)
∫
dµ[ξ] ei
∫
ddxL2(U) + . . . . (3.3)
dµ[ξ] is the functional measure for the matrix field ξ. Planck’s constant is set equal to 1.
The Lagrangian is now expanded in ξ:∫
ddxL2(U) = S2[U¯ ] + 1
4
F 2
∫
ddx 〈Dµ(u¯†ξu¯†)Dµ(u¯ξu¯)− 1
2
DµU¯ †Dµ(u¯ξ
2u¯) +
−1
2
DµU¯Dµ(u¯
†ξ2u¯†)− 1
2
ξ2(u¯χ†u¯+ u¯†χu¯†)〉+O(ξ3) . (3.4)
One has to consider the terms quadratic in ξ for the one-loop calculation. S2[U¯ ] is the
classical action to order p2. With the definitions
yµ
.
=
1
2
u¯†DµU¯ u¯
† = −1
2
u¯DµU¯
†u¯ , (3.5)
Γµ
.
=
1
2
[u¯†, ∂µu¯]− 1
2
iu¯†rµu¯− 1
2
iu¯lµu¯
† , (3.6)
σ
.
=
1
2
(u¯χ†u¯+ u¯†χu¯†) , (3.7)
Γˆµab
.
= −1
2
〈[τa, τ b]Γµ〉 , (3.8)
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σˆab
.
=
1
2
〈[τa, yµ][τ b, yµ]〉+ 1
4
〈{τa, τ b}σ〉 , (3.9)
the generating functional of O(p4) has the form
W4 = e
i (S2[U¯ ]+S4[U¯ ])N−1
∫
dµ[ξ] e−i
F2
2
∫
ddx ξa(x)Dab(x)ξb(x) . (3.10)
The operator D is
D = 1✷+ {Γˆµ, ∂µ}+ ΓˆµΓˆµ + σˆ . (3.11)
The factor N is the one-loop integral with D replaced by D0
Dab0 = δab✷+
1
2
B〈{τa, τ b}M〉 , (3.12)
where M is the quark mass matrix mˆ1. With use of the Gaussian formula∫
ddv e−
1
2
vTAv = (2π)
d
2 (detA)−
1
2 (3.13)
one gets
W4 = e
i (S2+S4)(det
D
D0 )
− 1
2
. (3.14)
It is well known that one can define a generating functional Z of all connected Green
functions:
Z
.
= −i lnW , (3.15)
Z4 = S2 + S4 +
i
2
ln det
D
D0 . (3.16)
With the identity ln det=Tr ln we have:
Z4 = S2 + S4 +
i
2
Tr ln
D
D0︸ ︷︷ ︸
Zone loop
. (3.17)
In the further calculation the operator D is split into two parts:
D = D0 + δ . (3.18)
With the quantity σ¯ defined via
σ¯
.
= σˆ − 2Bmˆ1 , (3.19)
δ is of the form
δ = {Γˆµ, ∂µ}+ ΓˆµΓˆµ + σ¯ . (3.20)
The one-loop functional can be rewritten as
Zone loop =
i
2
Tr ln
D0 + δ
D0 =
i
2
Tr ln (1 + δD−10 ) =
i
2
Tr ln (1 − δ∆) . (3.21)
The Feynman propagator is the inverse of −D0. The logarithm is expanded as
ln (1 + x) =
∞∑
n=1
(−1)n−1x
n
n
. (3.22)
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Gasser and Leutwyler have calculated the functional with at most two propagators in the
loop [2]. In this work I extend it by including a third propagator. The functional is then
of the form
Zone loop = −1
2
iTr (δ∆)− 1
4
iTr (δ∆δ∆) − 1
6
iTr (δ∆δ∆δ∆) +O(φ8) . (3.23)
This means the functional is of order φ6 as there are at least two external pions on each
vertex in the loop. The photon field can couple to a loop vertex without external pions
and is therefore counted as order φ2.
The loop integrals contain the functions A, B which have divergent parts that are pro-
portional to a quantity Λ(µ):
Λ(µ) =
µd−4
(4π)2
(
1
d− 4 −
1
2
(ln(4π) + Γ′(1) + 1)) , (3.24)
A(M2) = − M
2
(4π)2
ln
M2
µ2
− 2M2Λ , (3.25)
B(p2,M2) = B¯(p2,M2) +B(0,M2) , (3.26)
B(0,M2) = − 1
(4π)2
(1 + ln
M2
µ2
)− 2Λ . (3.27)
The quantity µ is an arbitrary scale with the dimension of mass. With
Γˆµν = ∂µΓˆν − ∂νΓˆµ + [Γˆµ, Γˆν ] (3.28)
the one-loop functional has the following divergence structure [2, 3]:
Zdivone loop = −
Λˆ
12
Tr (Γˆµν Γˆµν)− Λˆ
2
Tr (σˆσˆ) , (3.29)
Λˆ = Λ(µ) +
1
32π2
ln
M2
µ2
, (3.30)
Tr (ΓˆµνΓˆµν) = −1
2
〈DµU¯ †DµU¯〉2 + 1
2
〈DµU¯ †DνU¯〉〈DµU¯ †DνU¯〉+
−2 〈U¯ †FRµν U¯FLµν〉 − i 〈FRµν [DµU¯ ,Dν U¯ †] + FLµν [DµU¯ †,DνU¯ ]〉+
−〈FRµνFµνR + FLµνFµνL〉 , (3.31)
Tr (σˆσˆ) =
1
4
〈DµU¯ †DµU¯〉2 + 1
4
〈DµU¯ †DνU¯〉〈DµU¯ †DνU¯〉+
+
1
2
〈DµU¯ †DµU¯〉〈χ†U¯ + χU¯ †〉+ 3
16
〈χ†U¯ + χU¯ †〉2 , (3.32)
〈DµU¯ †DµU¯〉〈χ†U¯ + χU¯ †〉 = 2 〈DµU¯ †Dµχ+DµU¯Dµχ†〉+
+2 〈χχ† + 1
2
(χχ˜− χ†χ˜†)〉 − 1
2
〈χ†U¯ + χU¯ †〉2 . (3.33)
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The divergences can be eliminated by a renormalization of the coupling constants:
li = l˜i + γi Λˆ , hi = h˜i + δi Λˆ . (3.34)
The finite quantities l˜i and h˜i as well as the divergent Λˆ are scale independent. To absorb
the divergences of the loops, the γi and δi take the following values [2]:
γ1 =
1
3
, γ2 =
2
3
, γ3 = −1
2
, γ4 = 2 , γ5 = −1
6
,
γ6 = −1
3
, γ7 = 0 , δ1 = 2 , δ2 =
1
12
, δ3 = 0 . (3.35)
The renormalization scheme amounts to the following replacements:
li → l˜i , hi → h˜i ,
A→ 0 , B(p2)→ B¯(p2)− 1
(4π)2
. (3.36)
All in all we have the renormalized one-loop functional
Z4[U, a, v, s, p] =
∫
d4x (L2 + Lren4 )+
+
∫
d4x d4y
d4p
(2π)4
e−ip(x−y) (Fµν1 (p) Sp(Γˆµ(x)Γˆν(y)) +
+F2(p) Sp(σ¯(x)σ¯(y))+ Fµν3 (p) Sp(Γˆ
µ(x)Γˆν(x)σ¯(y)))+
+
∫
d4x d4y d4z
d4pa
(2π)4
d4pb
(2π)4
eipa(z−x)eipb(y−z)
(Fµνλ4 (pa, pb) Sp(Γˆµ(x)Γˆν(y)Γˆλ(z)) + Fµν5 (pa, pb) Sp(Γˆµ(x)Γˆν(y)σ¯(z))
+Fµ6 (pa, pb) Sp(σ¯(x)σ¯(y)Γˆ
µ(z)) + F7(pa, pb) Sp(σ¯(x)σ¯(y)σ¯(z))) . (3.37)
Lren4 is the Lagrangian of Eq. (2.15)
✫✪
✬✩rr ✲
p
✲
p ✫✪
✬✩r
r r
❅❅
  
❘
pa
✠
pb
✲
pa−pb
Figure 1: Definition of external momenta.
with the li and hi replaced by the l˜i and h˜i.
The scale dependence of the renormalized
O(p4)-coupling constants has cancelled the
chiral logs of the loops. So everything is
scale independent as it should be. The
constituent functions Fµν1 , . . . , F7 can be
found in App. A. Sp denotes the trace in
the space of the 3×3 matrices in the adjoint
representation. The external momenta flow
as shown in Fig. 1.
The loop part is of order p4 as one can see by dimensional considerations [1]. With L2
and L4 containing all possible terms respecting the symmetries of QCD, Z4 is the complete
generating functional of O(p4) for Green functions of quark currents. In the context of
SU(2)×SU(2) there is no anomalous part in the generating functional.
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4. Amplitudes for γγ → pipi
In case of pions and photons one can use the following recipe to extract the scattering
amplitudes from the generating functional [14]:
• Expand all quantities which contain the matrices U¯(φ) or u¯(φ) in the pion fields.
• Replace the external fields χ by M , aµ by zero and vµ by −eQAµ (Q is the quark
mass matrix, Aµ is the photon field).
• Perform functional differentiation with respect to the external pion and photon fields.
This method is equivalent to the method described in Sec. 2 because the pion matrix is
determined by the equation of motion in the following way
φ = (✷+M2)−1F ∂µa
µ + . . . , (4.1)
and only pole contributions are relevant for scattering amplitudes.
The amplitude of the process γ(k1)γ(k2)→ π0π0 (s = (k1 + k2)2) is given by
Mγγ→π0π0 =
4 e2
F 2π
(Fµν3 (k1 + k2) + F
µν
5 (k1,−k2)) ǫ1µǫ2ν
(
s−M2π
)
. (4.2)
This can be simplified to
Mγγ→π0π0 = ǫ1 · ǫ2
−e2
8π2F 2π
(s−M2π)
1 + M2π
s
ln
1 +
√
1− 4M2pi
s
1−
√
1− 4M2pi
s
− iπ
2
 . (4.3)
The physical quantities Mπ, Fπ are obtained through the following renormalization:
M2π = M
2(1 +
2M2
F 2
l˜3) +O(p6) ,
Fπ = F (1 +
M2
F 2
l˜4) +O(p6) . (4.4)
In this case, where the amplitude starts at order p4, the difference between using M , F
and Mπ, Fπ would appear first at order p
6. The amplitude (4.3) is equal to the one in [10].
In case of γ(k1)γ(k2)→ π+(pA)π−(pB) one has:
Mγγ→π+π− = 2 e2
(
a ǫ1 · ǫ2 − pA · ǫ1 pB · ǫ2
pA · k1 −
pA · ǫ2 pB · ǫ1
pA · k2
)
, (4.5)
a = 1 +
s
F 2π
(2l˜5 − l˜6) + 2
F 2π
(Fµν3 (k1 + k2) + F
µν
5 (k1,−k2)) ǫ1µǫ2ν s
= 1 +
s
F 2π
(2l˜5 − l˜6)− 1
32π2F 2π
s+M2π
ln
1 +
√
1− 4M2pi
s
1−
√
1− 4M2pi
s
− iπ
2
 .
(4.6)
This result agrees with the pion part of the amplitude in [11] and with the O(p4) part in
[12].
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5. Amplitudes and cross sections for e+e− → 4pi
The amplitude for the scattering
e+(k+)e
−(k−)→ π0(p1)π0(p2)π+(p3)π−(p4)
takes the following form
Me+e−→2π0π+π− =
e2
q2 + iε
v(k+)γµu(k−)J
µ(p1, p2, p3, p4) , q = k+ + k− =
4∑
i=1
pi , (5.1)
Jµ(p1, p2, p3, p4) := 〈π0(p1)π0(p2)π+(p3)π−(p4)|Jµelm(0)|0〉 . (5.2)
Because of Bose symmetry and C invariance, Jµ can be written [15] as
Jµ(p1, p2, p3, p4) = A
µ(p1, p2, p3, p4) +A
µ(p2, p1, p3, p4)
−Aµ(p1, p2, p4, p3)−Aµ(p2, p1, p4, p3) . (5.3)
To next-to-leading order in CHPT, the reduced amplitude Aµ(p1, p2, p3, p4) contains the
tree amplitudes of O(p2) and O(p4) and the one-loop part:
Aµ = Aµ(2) +A
µ
(4)tree +A
µ
(4)loop . (5.4)
In some cases it is convenient to use kinematic variables in the amplitude:
s = (p1 + p2)
2 , ν = (p3 − p4) · (p1 − p2)/2 ,
ti = pi · q (i = 1, . . . , 4) . (5.5)
In the following I drop terms proportional to qµ because they cannot contribute to the
differential cross section of electroproduction. One can recover them with the help of
current conservation. The amplitude Aµ is given by:
Aµ(2)(p1, p2, p3, p4) =
s−M2π
F 2π
pµ3
2t3 − q2 , (5.6)
F 4πA
µ
(4)tree(p1, p2, p3, p4) = 2l˜2(ν − t3)pµ1 (5.7)
+
{
2l˜1(s
2 − 4sM2π + 4M4π) +
l˜2
2
(s2 − 2t1t2 + 2t21 − 8t1ν + 4ν2 − (q2 − 2t3)2)
+2l˜3M
4
π + 2l˜4(sM
2
π −M4π) + l˜6q2(M2π − s)
} pµ3
2t3 − q2 ,
F 4πA
µ
(4)loop(p1, p2, p3, p4) =
2
(
3M2π + q
2 − 3 s − 2 t3
)
p3ν F1
νµ(q2)
3 (2 t3 − q2)
+
(
p3
µ
2 t3 − q2
){ [(p1ρ − p3ρ + qρ) p2ν − (p1ρ − p3ρ + qρ) p4ν] F1ρν(q − p1 − p3)
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+
[
p1ρ (p2ν − p3ν + qν)− p4ρ (p2ν − p3ν + qν)
]
F1
ρν(p1 + p4)
+2 [
(
3M4π + 4M
2
π (−t4 + p3 · p4) + 4 p1 · p2
(
M2π − t4 + p3 · p4
))
F2(p1 + p2)
+4 p1 · p4 (−t2 + p2 · p3) F2(−p1 − p4)]}
−p3ν F1
µν(q)
6
− p3ν F1µν(p1 + p3)− p1ν F1µν(p1 + p4)
−4 [ (M2π + p1 · p2) p3µ F2(p1 + p2) + p1 · p3 p2µ F2(p1 + p3)]
−p2 · p4 (p1ν − p3ν) F3µν(q − p1 − p3)−
(
M2π + 2 p1 · p2
)
p3ν F3
µν(q − p3 − p4)
−3 i
4
(p1ν p2λ − p3ν p2λ − p1ν p4λ + p3ν p4λ) F4µνλ(q, p1 + p3)
−p2 · p4 (p1ν − p3ν) F5µν(q, p1 + p3)−
(
M2π + 2 p1 · p2
)
p3ν F5
µν(q, p3 + p4)
−i p1 · p3 p2 · p4 F6µ(−p1 − p3, p2 + p4) . (5.8)
The replacements M → Mπ and F → Fπ
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Figure 2: Theoretical predictions for the
cross section σ(e+e− → 2π0π+π−) for 0.65
≤ E(GeV) ≤ 1.05.
in the O(p2) part have given additional contribu-
tions to the O(p4) amplitudes.
With the complete amplitude one gets the
differential cross section (setting me = 0):
dσ =
α2
32π6q6
(
4∏
i=1
d3pi
2Ei
)δ(4)(q −
4∑
i=1
pi)l
µνJµJ
∗
ν .
(5.9)
One could perform the same calculations for the
process e+e− → 2π+2π−. In the isospin limit,
which I assume in this article, it is a big simplifica-
tion to use instead the following relation [16] that
immediately gives the current matrix element for
the 2π+2π− channel in terms of the matrix ele-
ment for the 2π0π+π− channel :
〈π+(p1)π+(p2)π−(p3)π−(p4)|Jµelm(0)|0〉 = Jµ(p1, p3, p2, p4) + Jµ(p1, p4, p2, p3)
+ Jµ(p2, p3, p1, p4) + J
µ(p2, p4, p1, p3) . (5.10)
After numerical integration one gets the cross sections for the two channels. To be able
to reach energies around 1 GeV, resonances have to be included as described in [15]. In
Fig. 3 and Fig. 2 the dotted curve is the cross section for the O(p4) amplitude, the full
curve corresponds to the full amplitude with resonance exchange included and the dashed
curve represents the complete amplitude without loops. As one can see, the influence of
the loops is very small at higher energies. A detailed discussion of the results can be found
in [15].
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Figure 3: Comparison of data [17] (left figure) and predictions (right figure, see text) for the cross
section σ(e+e− → 2π+2π−) for 0.65 ≤ E(GeV) ≤ 1.05.
6. Conclusions
Chiral perturbation theory is the low-energy effective quantum field theory of QCD. It is
characterized by chiral symmetry, by the identification of the lightest mesons as Goldstone
bosons associated with the spontaneous breaking of the chiral symmetry and by explicit
breaking of chiral symmetry via the masses of the light quarks. To parametrize the breaking
terms induced by the quark masses, and also to generate in a systematic way the Green
functions of quark currents, it is convenient to insert appropriate sources in the Lagrangian
that promote the global chiral symmetry to a local symmetry.
One has to include loops to satisfy unitarity and to increase the precision. The loop
expansion is an expansion in Planck’s constant, i.e an expansion around the solution of the
classical equation of motion. The divergences coming from the loops have to be renormal-
ized by counterterms of the corresponding order in the external momenta.
I gave a compact expression for the generating one-loop functional of chiral SU(2) in
the isospin limit with at most three propagators in the loop. With this functional one can
easily get all possible amplitudes up to order φ6, where an external pion is of order φ and
a vector gauge boson is of order φ2.
With the help of the generating functional I calculated the processes e+e− → π0π0π+π−
and e+e− → 2π+2π− that are relevant for the hadronic contribution to the anomalous mag-
netic moment of the muon and to the fine-structure constant at MZ . Apart from that I
confirmed the existing results for γγ → π0π0 and γγ → π+π− [10, 11, 12]. Other processes
that can be calculated with the functional would be, for example, γ∗ → ππγ or ππ → ππππ.
The corresponding calculation of the generating functional for the symmetry group
– 12 –
SU(3)×SU(3) (which allows also K, η to occur as external particles) including the nonlep-
tonic weak interactions [18] is under way.
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A. Constituent functions
The constituent functions of the one-loop functional are of the following form:
Fµν1 (p) = p
µpν a(p2) + gµν b(p2) ,
F2(p) =
1
4
B(p2) , Fµν3 (p) =
1
2
gµνB(p2) ,
Fµνλ4 (pa, pb) = i (cap
µ
ap
ν
ap
λ
a + cbp
µ
b p
ν
bp
λ
b + dap
µ
ap
ν
ap
λ
b
+eap
µ
ap
ν
bp
λ
a + fap
µ
b p
ν
ap
λ
a + dbp
µ
b p
ν
bp
λ
a + fbp
µ
b p
ν
ap
λ
b
+ebp
µ
ap
ν
bp
λ
b + gap
µ
ag
νλ + hap
ν
ag
µλ + iap
λ
ag
µν
+hbp
µ
b g
νλ + gbp
ν
bg
µλ + ibp
λ
b g
µν) ,
Fµν5 (pa, pb) = jag
µν + kap
µ
ap
ν
a + kbp
µ
b p
ν
b
+lap
µ
ap
ν
b +map
µ
b p
ν
a ,
Fµ6 (pa, pb) = i (nap
µ
a + nbp
µ
b ) , F7(pa, pb) =
1
6
C , (A.1)
with for example
ca = c(p
2
a, p
2
b , pa · pb) and cb = c(p2b , p2a, pa · pb) , (A.2)
where
a(p2) =
B(p2)− 4B22(p2)
4
, b(p2) = −B20(p2) ,
ca =
C11 a − 4C22 a + 4C33 a
3
, da =
C11 a − 2C22 a − 2 C˜22 + 4 C˜33 a
3
,
ea =
−C/2 + 2C11 a + C11 b − 2C22 a − 4 C˜22 + 4 C˜33 a
3
,
fa =
−2
(
C˜22 − 2 C˜33 a
)
3
, ga =
−2 (C20 − 2C31 a)
3
, ha =
4C31 a
3
,
ia =
−2 (C20 − 2C31 a)
3
, ja = −2C20 , ka = C11 a − 2C22 a ,
la = −C
2
+ C11 a +C11 b − 2 C˜22 , ma = −2 C˜22 , na = C
2
− 2C11 a . (A.3)
The B and C functions can be found in App. B.
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B. One-loop integrals
The functions B, Bij, C and Cij are defined through the following relations [19, 20, 21]
(CF is the Feynman integration contour):
{X} .= 1
i
∫
CF
ddk
(2π)d
X
(k2 −M2)((k − p)2 −M2) , (A.1)
B(p2) = {1} , (A.2)
{kµkν} = gµνB20(p2) + pµpνB22(p2) , (A.3)
{{X}} .= 1
i
∫
CF
ddk
(2π)d
X
(k2 −M2)((k − pa)2 −M2)((k − pb)2 −M2)
, (A.4)
{{kµ}} = paµ C11a + pbµ C11b , (A.5)
C = {{1}} , (A.6)
{{kµkν}} = gµν C20 + paµpaν C22a + pbµpbν C22b + (paµpbν + pbµpaν) C˜22 , (A.7)
{{kµkνkλ}} = paµpaνpaλ C33a + pbµpbνpbλ C33b +
+(paµpaνpbλ + paµpbνpaλ + pbµpaνpaλ) C˜33a +
+(pbµpbνpaλ + pbµpaνpbλ + paµpbνpbλ) C˜33b +
+(paµgνλ + paνgµλ + paλgµν)C31a +
+(pbµgνλ + pbνgµλ + pbλgµν)C31b , (A.8)
with Cij a = Cij(p
2
a, p
2
b , pa · pb), Cij b = Cij(p2b , p2a, pa · pb) and Cij = Cij a = Cij b. The
explicit form of the functions is
A(M2) =M2
(
B(0,M2) +
1
16π2
)
, (A.9)
B(p2,M2) = B¯(p2,M2) +B(0,M2) ,
B¯(p2,M2) =
1
16π2
√1− 4(M2 − i ǫ)
p2
ln
√
1− 4(M2−i ǫ)
p2
− 1√
1− 4(M2−i ǫ)
p2
+ 1
+ 2
 , (A.10)
C(p2a, p
2
b , pa · pb,M2) = −
1
16π2
√
λ
3∑
i=1
∑
σ=±
(
Li2
(
xi
xi − zσi
)
− Li2
(
xi − 1
xi − zσi
))
,
λ = 4
(
(pa · pb)2 − p2ap2b
)
, p2D = p
2
a − 2pa · pb + p2b ,
x1 =
1
2
(
1 +
p2a − p2b − p2D√
λ
)
, zσ1 =
1
2
(
1±
√
1− 4
p2a
(M2 − i ǫ)
)
. (A.11)
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The quantities x2, z
σ
2 are obtained by the interchange p
2
a ↔ p2D and x3, zσ3 by the inter-
change p2a ↔ p2b . Li2 denotes the dilogarithm
Li2(z) = −
∫ z
0
dt
t
ln (1− t) . (A.12)
The coefficients functions are of the form
B20(p
2) =
6M2 − p2 + 48π2A+ 24π2 (4M2 − p2) B(p2)
288π2
,
B22(p
2) =
−6M2 + p2 + 96π2 A− 96π2 (M2 − p2) B(p2)
288 p2 π2
. (A.13)
In the following B(1) is defined as B(p2b) and B(2) as B(p
2
a − 2 pa · pb + p2b). The same is
valid for B20 and B22.
C11 a =
H11 a pb
2 −H11 b pa · pb
pa2 pb2 − (pa · pb)2
,
C20 =
2CM2 + 1
16 π2
+B(2)− C11 a pa2 − C11 b pb2
4
,
C22 a =
H21 a pb
2 −H22 b pa · pb
pa2 pb2 − (pa · pb)2
, C˜22 =
H22 b pa
2 −H21 a pa · pb
pa2 pb2 − (pa · pb)2
,
C33 a =
H31 a pb
2 −H32 b pa · pb
pa2 pb2 − (pa · pb)2
, C˜33 a =
H32 b pa
2 −H31 a pa · pb
pa2 pb2 − (pa · pb)2
,
C31 a =
H30 a pb
2 −H30 b pa · pb
pa2 pb2 − (pa · pb)2
,
H11 a =
−B(1) +B(2) + C pa2
2
, H21 a = −C20 + B(2)/2 + C11 a pa
2
2
,
H22 a =
[−B(1) +B(2)]/2 + C11 b pa2
2
, H30 a =
C20 pa
2 −B20(1) +B20(2)
2
,
H31 a = −2C31 a + pa
2C22 a +B22(2)
2
, H32 a =
pa
2 C22 b −B22(1) +B22(2)
2
.
(A.14)
The divergent functions need to be renormalized as described in section 3.
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